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We study eets of stati inter-qubit interations on the stability of the Grover quantum searh
algorithm. Our numerial and analytial results show existene of regular and haoti phases depend-
ing on the imperfetion strength ε. The ritial border εc between two phases drops polynomially
with the number of qubits nq as εc ∼ n
−3/2
q . In the regular phase (ε < εc) the algorithm remains
robust against imperfetions showing the eieny gain εc/ε for ε & 2
−nq/2
. In the haoti phase
(ε > εc) the algorithm is ompletely destroyed.
PACS numbers: 03.67.Lx, 24.10.Cn, 73.43.Nq
Quantum omputations open new perspetives and
possibilities for treatment of omplex omputational
problems in a more eient way with respet to algo-
rithms based on the lassial logi [1℄. In the quantum
omputers lassial bits are replaed by two-level quan-
tum systems (qubits) and lassial operations with bits
are substituted by elementary unitary transformations
(quantum gates). The elementary gates an be redued
to single qubit rotations and ontrolled two-qubit oper-
ations, e.g. ontrol-NOT gate [1℄. Combinations of ele-
mentary gates allow to implement any unitary operation
on a quantum register, whih for nq qubits ontains ex-
ponentially many states N = 2nq . The two most famous
quantum algorithms are the Shor algorithm for integer
number fatorization [2℄ and the Grover quantum searh
algorithm [3℄. The Shor algorithm is exponentially faster
than any known lassial algorithm, while the Grover al-
gorithm gives a quadrati speedup.
In realisti quantum omputations the elementary
gates are never perfet and therefore it is very impor-
tant to analyze the eets of imperfetions and quan-
tum errors on the algorithm auray. A usual model of
quantum errors assumes that angles of unitary rotations
utuates randomly in time for any qubit in some small
interval ε near the exat angle values determined by the
ideal algorithm. In this ase a realisti quantum om-
putation remains lose to the ideal one up to a number
of performed gates Ng ∼ 1/ε2. For example, the delity
f of omputation, dened as a square of salar produt
of quantum wavefuntions of ideal and perturbed algo-
rithms, remains lose to unity if a number of performed
gates is smaller than Ng. This result has been estab-
lished analytially and numerially in extensive studies
of various quantum algorithms [4, 5, 6, 7, 8, 9, 10℄.
Another soure of quantum errors omes from inter-
nal imperfetions generated by residual stati ouplings
between qubits and one-qubit energy level shifts whih
utuate from one qubit to another but remain stati in
time. These stati imperfetions may lead to appearane
of many-body quantum haos, whih modies strongly
the hardware properties of realisti quantum omputer
[11, 12, 13℄. The eets of stati imperfetions on the a-
uray of quantum omputation have been investigated
on the examples of quantum algorithms for the models
of omplex quantum dynamis [8, 10, 14, 15℄. As a re-
sult a universal law for delity deay indued by stati
imperfetions has been established [10℄ for quantum al-
gorithms simulating dynamis in the regime of quantum
haos. At the same time it has been realized that the ef-
fets of stati imperfetions for dynamis in an integrable
regime are not universal and more ompliated. There-
fore it is important to investigate the eets of stati
imperfetions on an example of the well known Grover
algorithm. First attempt was done reently in [16℄, but
the global piture of the phenomenon remained unlear.
In this paper we present extensive numerial and analyt-
ial studies whih establish the global stability diagram
of reliable operability of the Grover algorithm.
Let us rst outline the key features of the Grover al-
gorithm [3℄. An unstrutured database is presented by
N = 2nq states of quantum register with nq qubits: {|x〉},
x = 0, . . . , N−1. The searhed state |τ〉 an be identied
by orale funtion g(x), dened as g(x) = 1 if x = τ and
g(x) = 0 otherwise. The Grover iteration operator Gˆ is
a produt of two operators: Gˆ = DˆOˆ. Here the orale
operator Oˆ = (−1)g(xˆ) is spei to the searhed state
|τ〉, while the diusion operator Dˆ is independent of |τ〉:
Dii = −1 + 2N and Dij = 2N (i 6= j). For the initial
state |ψ0〉 =
∑N−1
x=0 |x〉/
√
N , t appliations of the Grover
operator Gˆ give [1℄:
|ψ(t)〉 = Gˆt|ψ0〉 = sin ((t+ 1)ωG)|τ〉+cos ((t+ 1)ωG)|η〉 ,
(1)
where the Grover frequeny ωG = 2 arcsin(
√
1/N) and
|η〉 =∑(0≤x<N)x 6=τ |x〉/
√
N − 1. Hene, the ideal algorithm
gives a rotation in the 2D plane (|τ〉, |η〉).
The implementation of the operator D through the el-
ementary gates requires an anilla qubit. As a result the
Hilbert spae beomes a sum of two subspaes {|x〉} and
{|x + N〉}, whih dier only by a value of (nq + 1)-th
2qubit. These subspaes are invariant with respet to op-
erators O and D: O = 1 − 2|τ〉〈τ | − 2|τ + N〉〈τ + N |,
D = 1− 2|ψ0〉〈ψ0| − 2|ψ1〉〈ψ1|, where |ψ1〉 =
∑N−1
x=0 |x+
N〉/√N and |ψ0,1〉 orrespond to up/down anilla states.
Then D an be represented as D = WRW [3℄, where
the transformation W = Wnq . . .Wk . . .W1 is omposed
from nq one-qubit Hadamard gates Wk, and R is the nq-
ontrolled phase shift dened as Rij = 0 if i 6= j, R00 = 1
and Rii = −1 if i 6= 0 (i, j = 0, . . . , N − 1). In turn, this
operator an be represented as R =Wnqσ
x
nq−1 . . . σ
x
1 ∧nq
σxnq−1 . . . σ
x
1Wnq , where ∧nq is generalized nq-qubit Tof-
folli gate, whih inverts the nq-th qubit if the rst nq − 1
qubits are in the state |1〉. The onstrution of ∧nq from
3-qubit Toolli gates with the help of only one auxil-
lary qubit is desribed in [17℄. As a result the Grover
operator G is implemented through ng = 12ntot − 42
elementary gates inluding one-qubit rotations, ontrol-
NOT and Toolli gates. Here ntot = nq + 1 is the total
number of qubits.
To study eets of stati imperfetions on the Grover
algorithm we use the model introdued in [11℄. In this
model a quantum omputer hardware is desribed by the
Hamiltonian H :
H =
∑
i
∆
2
σzi +HS , HS =
∑
i
aiσ
z
i +
∑
i<j
bijσ
x
i σ
x
j . (2)
Here, σi are the Pauli matries for qubits i, and ∆ is
an average one-qubit energy spaing. All ntot qubits are
plaed on a retangular lattie, the seond sum in HS
runs over nearest neighbor qubits with periodi bound-
ary onditions. Qubit energy shifts ai and ouplings bij
are randomly and uniformly distributed in the intervals
[−α, α] and [−β, β], respetively. Following [8, 10, 14, 15℄
we assume that the average spaing ∆ is ompensated by
speially applied laser pulses so that between subsequent
elementary gates the wavefuntion evolution is given by
the propagator US = exp(−iHStg). Thus all stati er-
rors are expressed via this propagator while the elemen-
tary gates are taken to be perfet. Appropriate resaling
of parameters ai and bij allows to put tg = 1 without
any loss of generality. We onentrate our studies on the
ase α = β ≡ ε where inter-qubit ouplings lead to a
developed quantum haos [11, 14℄.
A typial example of imperfetion eets on the au-
ray of the Grover algorithm is shown in Fig.1 for a xed
disorder realization of HS in (2) on 3 × 4 qubit lattie.
It learly shows that imperfetions suppress the proba-
bility wG to nd the searhed state, where wG is given
by a sum of probabilities of states |τ〉 and |τ + N〉. In
ontrast to the ase of time-dependent random quantum
errors studied in [7℄ in the ase of stati imperfetions the
osillations of probability wG do not derease with time
t. Another interesting feature is a signiant derease
of the period of the Grover osillations ompared to the
ase of ideal algorithm, where TG = pi/2ωG. This eet
Figure 1: Probability of searhed state wG(t) (top) and -
delity f(t) (bottom) as a funtion of the iteration step t in
the Grover algorithm for ntot = 12 qubits. Dotted urves
show results for the ideal algorithm (ε = 0), dashed and solid
urves orrespond to imperfetion strength ε = 4 · 10−4 and
10−3, respetively.
is also absent in the ase of random errors. The delity of
quantum omputation f(t) also shows non-deaying os-
illations at large times. However, in average the maxima
of delity orrespond to minima rather than maxima of
probability wG. Hene, f(t) is not appropriate for tests
of the algorithm auray.
Following [18℄ a pitorial presentation of the dynam-
ial evolution in the Grover algorithm an be obtained
with the help of the Husimi funtion [19℄, whih is shown
in Fig.2. In this presentation the omputational basis
x an be onsidered as a oordinate spae representa-
tion for the wavefuntion ψx(t) (x = 0, . . . , 2N − 1),
while the onjugated basis obtained by the Fourier trans-
form orresponds to momentum representation p (p =
−N+1, . . . , N). In this way the initial state of the Grover
algorithm |ψ0〉 gives a peaked distribution with p = 0. In
the ideal algorithm the total probability is distributed be-
tween two states |τ〉 and |η〉 (see Eq.(1)) that gives two
orthogonal lines in the phase spae of Husimi funtion
(see Fig.2, top raw). After the period TG ≈ 34 all the
probability is transferred to the target state |τ〉 (wG ≈ 1).
In the presene of moderate imperfetions the ips of the
anilla qubit beome possible that involves into dynam-
is two additional states. As a result the probability is
mainly distributed over four states orresponding to four
straight lines in phase spae (Fig.2, middle raw):
|τ0〉 = |τ〉 |τ1〉 = |τ +N〉
|η0〉 = |η〉 |η1〉 =
∑(0≤x<N)
x 6=τ |x+N〉/
√
N − 1 . (3)
The probability w4 ontained in these states is lose to
unity (in Fig.2 w4 = 0.998 for ε = 10
−3
). Above er-
tain ritial border εc this simple struture is ompletely
washed out (w4 = 6 · 10−4), and the Husimi funtion
shows only random distribution (Fig.2, bottom raw).
The dominant ontribution of these four states an be
3Figure 2: (Color) Evolution of the Husimi funtion in the
Grover algorithm at times t = 0, 17, and 34 (from left to
right), and for ε = 0, 0.001, and 0.008 (from top to bottom).
The qubit lattie and disorder realization are the same as
in Fig.1. The vertial axis shows the omputational basis
x = 0, . . . , 2N − 1, while the horizontal axis represents the
onjugated momentum basis. Density is proportional to olor
hanging from maximum (red) to zero (blue).
also seen in spetral density S(ω) of the wavefuntion
ψx(t). This density is dened as: S(ω) =
∑
x |ax(ω)|2,
where ax(ω) =
∑Tf
t=0 ψx(t) exp(iωt)/
√
Tf and Tf is a
large time sale on whih the spetrum is determined
(we usually used Tf ≈ 5TG ≫ TG). The phase diagram
of spetral density S(ω) dependene on the imperfetion
strength ε is shown in Fig.3. Two phases are learly seen:
for ε < εc the diagram ontains four lines orresponding
to the four states (3), while for ε > εc these lines are
destroyed and the spetrum beomes ontinuous. These
phases orrespond to the qualitative hange of the Husimi
distribution shown in Fig.2.
To study the transition between these phases in a more
quantitative way we analyze the dependene of probabil-
ities wG and w4 on the imperfetion strength ε for a large
number of disorder realizations in HS (2) hanging also
the number of qubits ntot. The number of realizations
vary from 50 to 1000 depending on ε and ntot. Sine
the frequeny of Grover osillations varies strongly with
ε and disorder we average wG and w4 over a large time in-
terval Tf to suppress utuations in time. The obtained
results are summarized in Fig.4. For a xed value of ntot
the dependene wG(ε) hanges strongly from one realiza-
tion to another (Fig.4a). In ontrast, the probability w4
remains lose to unity being insensitive to variations of
disorder up to ε < εc (Fig.4b). Only for ε > εc, when
w4 ≪ 1, it beomes sensitive to disorder. The proba-
bilities averaged over disorder w¯G and w¯4 are shown in
Fig.4a,b. They also have a qualitative hange in behav-
ior near εc, espeially w¯4. These results onrm the fat
that the phase transition takes plae near some ritial
Figure 3: (Color) Phase diagram for the spetral density S(ω)
as a funtion of imperfetion strength ε, ntot = 12, same dis-
order realization as in Fig.2. Color is proportional to density
S(ω) (yellow for maximum and blue for zero).
εc for an ensemble of disorder realizations.
The value of εc an be obtained from the following
estimate. The transition rate indued by imperfetions
after one Grover iteration is given by the Fermi golden
rule: Γ ∼ ε2n2gntot, where ntot appears due to random
ontribution of qubit ouplings ε while n2g fator takes
into aount oherent aumulation of perturbation on
ng gates used in one iteration (see, e.g. [10℄). In the
Grover algorithm the four states (3) are separated from
all other states by energy gap ∆E ∼ 1 (it appears due
to sign hange introdued by operators O and D). Thus
these four states beome mixed with all others for
ε > εc ≈ 1.7/(ng√ntot) (4)
when Γ > ∆E. Here the numerial fator is obtained
from numerial data. The parameter dependene is well
onrmed by data for w¯4 shown in Fig.4d.
The variation of averaged Grover probability w¯G with
ε and ntot is presented in Fig.4. The dependene on
system parameters an be understood on the basis of
simple single-kik model. In this model the ation of
stati imperfetions in all gates entering in one Grover
iteration is replaed by a single kik unitary opera-
tor Ueff = exp (−iHsngR) ating after eah iteration.
Here R is a dimensionless renormalization fator whih
takes into aount that gates do not ommute with HS .
Figs.4a,b show that this single kik approximation gives a
good desription of original averaged data with R = 0.56.
Thus, the renormalization eets play a signiant role
and therefore this model does not desribe the probabil-
ity variation for a given disorder realization. However,
the averaged dependene is orretly reprodued.
4Figure 4: (Color online) Dependene of probabilities wG (a,)
and w4 (b,d) on resaled imperfetion strength ε/εc, with εc
from (4). For panels (a,b) ntot = 12, squares and pluses
show data for two typial disorder realizations, green/grey
area shows the region of probability variation for various dis-
order realizations (see text), full thik urves give average de-
pendene w¯G, w¯4. Dashed area bounded by thin urves show
the region of probability variation in the single-kik model,
open irles give the average data in this model with resal-
ing fator R = 0.56. Panels (,d) show w¯G, w¯4 for ntot = 9
(triangles), 12 (full irles), 15 (open squares) and 16 (full
squares). In panel () full urves are given by Eq.(6) for same
ntot values from top to bottom, R = 0.56.
In the regime where the dynamis of Grover algorithm
is dominated by four states subspae (3) the single-kik
model an be treated analytially. The matrix elements
of the eetive Hamiltonian in this spae are
Heff =


A+ a 0 −iωG 0
0 A− a 0 −iωG
iωG 0 B b
0 iωG b B

 , (5)
where A = −Rng
∑nq
i=1 ai〈τ |σ(z)i |τ〉, B = Rng
∑nq
i<j bi,j−
b, a = −Rnganq+1 and b = Rng(bnq+1,nq+2−Lx +
bnq+1,Lx + bnq,nq+1 + bnq+1−Lx,nq+1) and qubits are ar-
ranged on Lx × Ly lattie, and numerated as i = x +
Lx(y − 1), with x = 1, . . . , Lx, y = 1, . . . , Ly. In the
limit of large nq the terms a, b are small ompared to
A,B by a fator 1/
√
nq and Heff is redued to 2 × 2
matrix, whih gives wG = 2ω
2
G/[(A − B)2 + 4ω2G]. For
large nq the dierene A−B has a Gaussian distribution
with width σ = Rng
√
nq/3
√
α2 + 2β2 = εRng
√
nq. The
onvolution of wG with this distribution gives
w¯G =
√
pi/2(1− erf(
√
2ωG/σ)) exp (2ω
2
G/σ
2) ωG/σ (6)
This formula gives a good desription of numerial data
in Fig.4 that onrms the validity of single-kik model.
For σ ≫ ωG and a typial disorder realization with
(A − B) ∼ σ the atual frequeny of Grover osillations
is strongly renormalized: ω ≈ (A − B) ∼ σ ≫ ωG, and
in agreement with Fig.3 ω ∼ ε/εc. In this typial ase
wG ∼ ω2G/σ2 ≪ 1 (almost total probability is in the
states |η0〉,|η1〉). Hene, the total number of quantum
operations Nop, required for detetion of searhed state
|τ〉, an be estimated as Nop ∼ NM/ω ∼ σ/ω2G ∼ εN/εc,
where NM ∼ 1/wG ∼ σ2/ω2G is a number of measure-
ments required for detetion of searhed state [20℄. Thus,
in presene of strong stati imperfetions the parametri
eieny gain of the Grover algorithm ompared to las-
sial one is of the order εc/ε. For ε ∼ ωG the eieny is
omparable with that of the ideal Grover algorithm while
for ε ∼ εc there is no gain ompared to the lassial ase.
In summary, we have shown that the Grover algorithm
remains robust against stati imperfetions inside a well
dened domain and determined the dependene of algo-
rithm eieny on the imperfetion strength.
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